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THE TYPICAL STRUCTURE OF THE SETS {x: f(x) = h(x)}

FOR/CONTINUOUS AND h LIPSCHITZ
BY

ZYGMUNT WÓJTOWICZ

Abstract. Let R be the space of real numbers and C the space of continuous

functions /: [0,1] -» R with the uniform norm. Bruckner and Garg prove that there

exists a residual set B in C such that for every function/ e B there exists a countable

dense set Ay in R such that: for X £ Ay the top and bottom levels in the direction X

of / are singletons, in between these levels there are countably many levels in the

direction X of/ that consist of a nonempty perfect set together with a single isolated

point, and the remaining levels in the direction X of / are all perfect; for X e Ay the

level structure in the direction X of / is the same except that one (and only one) of

the levels has two isolated points instead of one.

In this paper we show that the analogue of the above theorem holds: if we replace

the family of straight lines {Xx + c}bya 2-parameter family H that is almost

uniformly Lipschitz; and if we replace {\x + c} by a homeomorphical image of a

certain 2-parameter family H that is almost uniformly Lipschitz.

1. Introduction. Let R be the space of real numbers and C the space of continuous

functions/: [0,1] -+ R equipped with the uniform norm

||/||= sup{|/(x)|:0«x<iy.

A subset A of C is residual in C if its complement C\A is of the first category in

C. If/ G C and e > 0, the open ball ( g g C: ||g — /|| < e} of C is denoted, as usual,

by ¿?(/,e).

An interval / c [0,1] is rational if both its endpoints are rational, and open if it is

open relative to [0,1].

Let / be a given function in C and let AeÄ. For every c g R the set {x:

f(x) = Xx + c}is called a level of /in the direction X. By a level of/we mean, in

general, a level of/in some direction X g R.

Let

af x = inf(/(x) — Xx: 0 < x < 1}

and

bf x = sup{/(x) - Xx: 0 < x < 1}.

1. Definition. The levels of a function / in C are normal in a direction X g R if

there exists a countable dense set EfX in (afX,bfX) such that the level {x:

f(x) = Xx + c} of/in the direction X is

(a) a perfect set when c <£ EfX U {afX, bfX},
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(b) a single point when c = a¡ x or c = b, x, and

(c) the union of a nonempty perfect set P with an isolated point xíf when

c g EfX (P and x depend on/, X and c).

A. M. Bruckner and K. M. Garg have proved [1, Theorem 4.8] that there exists a

residual set of functions / in C such that the levels of / are normal in all but a

countable dense set of directions Ay in R, and in each direction X g Af the levels of f

are normal except that there is a unique element c g E, x U {a,x, b,x} for which

the level {x: f(x) = Xx + c} contains two isolated points instead of one.

2. Definition. A family of functions H C C is a 2-parameter family if for every

pair of numbers x,, x2 g [0,1] (xx ¥> x2) and for every pair of numbers yx, y2 g R

there exists a unique function hin H such that h(xx) = y, and h(x2) = y2.

In [2] Bruckner and Garg raised the following question. What conditions on H

will guarantee that the analogue of the above theorem holds on replacing the family

of straight lines (Xx + c) by HI

In this paper we show that this question has an affirmative answer in two cases:

(1) if H is almost uniformly Lipschitz; or

(2) if H is a homeomorphical image of a certain 2-parameter family H' that is

almost uniformly Lipschitz.

For the proof of this fact we use the methods of Bruckner and Garg [1].

2. Properties of a 2-parameter family. Let H denote a 2-parameter family of

continuous functions. A function h in H for which c = «(0) and X = «(1) - «(0) will

be denoted by hx c. The number X is called the increase of the function hXc.

If Hx = { h g H: h(l) - «(0) = X}, then clearly HXi n HXi= 0 for \\ + X2 and

Uaeä-^A = H-

1. Proposition. // x0 g [0,1], y0 g R and h, «: e H, h # hx, are such that

h(x0) = hx(x0) = y0, then either h(x) < hx(x) when 0 < x < x0 and h(x) > hx(x)

when x0 < x < 1; or h(x) > hx(x) when 0 < x < x0 and h(x) < hx(x) when x0 < x

< 1.

Proof. It is clear for x0 = 0 and x0 = 1. Let x0 g (0,1). Since «, «, g H, they

satisfy exactly one of the following conditions:

Io. h(x) < hx(x) when 0 < x < x0 and h(x) > hx(x) when x0 < x < 1;

2°. h(x) > hx(x) when 0 < x < x0 and «(x) < hx(x) when x0 < x < 1;

3°. h(x) < hx(x) when 0 < x < x0 and h(x) < hx(x) when x0 < x < 1;

4°. h(x) > hx(x) when 0 < x < x0 and h(x) > hx(x) when x0 < x < 1.

We show that 3° and 4° are impossible. Let h and hx satisfy 3° and let «2 G H,

h2(0) = 2-(h(0) + «,(0)) and h2(l) = hx(l). Clearly «2(x0) ¥> «,(x0). In the interval

(0, x0) there exists a point tx such that h2(tx) = h(tx) or h2(tx) = hx(tx). If h2(tx) =

hx(tx), then hx = h2, which is impossible. If h2(tx) = h(tx), there exists a point

t2 g (x0,1) such that h2(t2) = h(t2); hence «2 = «, which is impossible.

Similarly, « and hx do not satisfy 4°. This completes the proof.

2. Proposition. For every triple of numbers x0 g [0,1] andy0, X g R, there exists a

unique function h G Hx such that h(x0) = y0.
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Proof. Let y0, X g R. It is clear for x0 = 0 and x0 = 1. Let x0 g (0,1) and let

c0 = sup{c g R: hx c(x0) < y0}. It is easy to see that hx (x0) = y0. Suppose there

exist functions « and «, in Hx such that h ¥= hx and h(x0) = y0 = hx(x0). We have

X = «(1) - h(Q) = «,(1) - «,(0). According to Proposition 1, either «,(0) < h(0)

and hx(l) > h(l), or hx(0) > «(0) and hx(l) < h(l). Hence, either hx(l) - «,(0) >

«(1) — «(0), or «,(1) - hx(0) < «(1) - h(0), which is impossible. This proves h = hx.

From Proposition 2 we obtain

1. Corollary. Ifhx,h2 g Hxandhx + h2, then hx(x) ¥= h2(x) for every x g [0,1].

In particular, «,(0) > «2(0) if and only ifhx(x) > h2(x)for every x G [0,1].

1. Lemma. 7/lim„^00c„ = c W lim„^00X„ = X, f«e« lim^^«^ cfx) = hXc(x)

for every x G [0,1].

Proof. Clearly Um^A^O) = hXc(0) and lim^/z^l) = hKc(l). Sup-

pose there exists a number x0 g (0,1) such that «x c(x0) is not a limit of the

sequence {«x ,. (x0)}. Then there exists an e > 0 such that the set

{aa„,J*o)} \(h\Axo) - e, hxJx0) + e)

is infinite. According to Proposition 2 there exist functions «x c-, hx c„ g H such that

h\,c'(xo) = ^\.c(xo) ~ e anc* h\,c"(xo) = h\,Áxo) + £- Hence, and from Corollary 1,

c' < c". There exists a natural number N such that c„ g (c', c") for every « > N.

For a function hx c such that n > N and «x £.(x0) £ («x t.(x0) - e, «x?c(x0) + e),

we have

*x..c.(l) * (Ax.c(l). **.«-(!))•

The above yields that {«x (l)}\(AXiC,(l), «x,c.»(l)) is infinite, which contradicts

the assumption that limn_00cn = c and limn_00X„ = X, so lim„_00Ax (x) =

«x (.(x) for every x g [0,1].

From Dini's Theorem and Lemma 1 we obtain

2. Lemma. LetX g R. Then lim„^0O||«x ^ - hx c|| = 0 if and only if lim n^xcn = c.

3. Proposition. limn_00||Ax - «Xc.|| = 0 if and only if lim„^00c„ = c and

\im„^aoX„ = X.

Proof. Necessity is trivial. For the sufficiency assume lim„J0OX„ = X, lim„^0Oc„

= c and zero is not the limit of the sequence {||«x,c ~ n\,c\\}- Then there is an

e > 0 such that for every natural number TV there exist numbers nN > N and

xN g (0,1) such that

K,w.f.w(*jv)-Vc(*r/)|>e-

According to Lemma 2 for e there exist «x c,, «x c„ g B(hx c, e) such that «xy(x) <

hx c(x) and hXc,.(x) > hXc(x) for every x g [0,1]. Let N be a natural number such

that hK c (0) G (c\ c") and hx^efi) g (/zXc,(1), /¡x,c»(1)) for every n > N. For

nx we have

ÄX„w,c„w^Ar) > ÄA,c(* J + e > «A.c(*tf)

or
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Hence,

**.„.«.„-**.«■ or KN,c„rh^

which contradicts the assumption that hx    ,.  (0) e (c\ c"); therefore

lim I**..*. - Kc\ = o-
n—* oo

4.  Proposition. For every natural number n, let (x'n, y'n), (x'¿, y¡,'), (x', y'),

(x", y") G [0,1] X R(x'n * xj,' and x' =/= x") and let hx     , hXc G H be functions such

that hK,c.(x'n) = y'm hK,4x'ñ) = y*> hxAx') = / andhXc(x") = y".

Then   if hmn^x(x'n, y'n) = (x', y')  and  hmn^x(x'¿, y^') = (x", y"),   we  have

lim„^J|«Xn Cn - hxJ = 0.

Proof. Assume x' < x". Let e > 0 and let x0 be a number such that x' < x0 < x".

According to Propositions 1 and 3 there exist functions hx, c,, hx„ c„ g H such that

"a',c'(*o) = hx,Àxo) = hx".Axo),       c' G (c, c + e), c" g (c - e, c)

and

Vc"(l), *X-.«-(l) e  (*X.c(l) - ». *X.e(l) + «)•

Let í/j (í¡?2) be the distance from the point (x', y') (x", y") to the graphs of hx, c, and

«x.->c». There is a natural number A7 such that (x'n, y'n) g K((x', y'), dx) n ([0,1] X Ä)

and (xj,', y'„') G A:((x", y"), <¿2) n ([°> 1] x Ä) for every « > #, where AT is the open

ball in R2. By Proposition 1, for « > N there exist numbers t'n g (0, x0) and

C G (xo> 1) sucn mat

«x.._f,.(x) < Ax    (x) < «v,£,(x)    forx < r;

and

In particular,

K-Ax) > hxAx) > «v,c,(x)    for x > C

c" < c„ < C    and   «xv.,(l) < «a„,,„(1) < *x~.c»(l)-

Hence, Um„_00 c„ = c and lim,,^^ X„ = X, so, by Proposition 3,

lim \hxn,cn- hx,\= 0.
n —* oc

3. The structure of the sets (x:/(x) = «(x)} for/continuous and « Lipschitz.

3. Definition. Let/ g C, « g H and let / be a subinterval of [0,1]. The graph of

« supports the graph of/in / from above (below) if h(x) > /(x) (h(x) < /(x)) for

every x g / and there is a point x0 in / such that h(x0) = f(x0). Further, if x0 is not

unique, then the graph of h supports the graph of / in / from above (below) at more

than one point. We say that the graph of « supports the graph of fin I if the graph

of « supports the graph of/from above or below.

If / and J are two disjoint subintervals of [0,1], the graph of « supports the graph

of fini and J if it supports the graph of fini as well as the graph of/in J. Similarly

for three or more mutually disjoint subintervals of [0,1].
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Following an argument parallel to that of [1, Lemma 4.2], we obtain:

3. Lemma. For every function f in C there is at most a countable set of functions in H

whose graphs support the graph of fin two (or more) disjoint open subintervals of[0,1].

Let/ g C and X g R. We set

a/x = inf(cGÄ: (x:/(x) = «x,c(x)} #0),

ßfX = sup{c^R:{x:f(x) = hXc(x)} # 0}.

4. Lemma. For every function f in C and every number X in R, graphs of the functions

hXa and «X/3 support the graph of f in [0,1] from below and from above,

respectively, at least at one point.

Proof. Let / g C and X g R. Since «x „  (x) < f(x) and «x B (x) > f(x) for
I    /.A 'r^/.X

every x g [0,1], it suffices to show that {x: f(x) = hXa x(x)} ¥= 0 and {x: f(x) =

hXß l[x)} # 0. Assume {x: f(x) = hXa x(x)} = 0. Then for every x g [0,1] we

have«Xa/ (x)-/(x)<0. Let

d = min{f(x) - hx a/^(x): 0 ^ x ^ l).

By Proposition 3 there is a function hXc g B(hx a , d) such that Ax_ # hx a and

ci > af,x- Clearly, AXq(x) </(x) for every x g [0,1], and (x:/(x) = hXc(x)} = 0

for every c g (a/x, c,). Since this contradicts the definition of ayX we have {x:

f(x) = hXa a(x)} # 0. Similarly we show that (x:/(x) = hXß ¿x)} # 0.

5. Lemma. For every function f in C there is at most a countable set Af c R such that

for every X G R \ Af

(a) the sets {x: f(x) = hXa (x)} and (x: f(x) = hXß (x)} consist of single

points, and

(b) the set EfX of numbers c, such that the set {x: f(x) = Ax c(x)} is not perfect, is

dense in (afX, ßfX).

Proof. Let / g C. We denote by Ay the set of increases of functions in H whose

graphs support the graph of/in at least two disjoint open subintervals of [0,1]. Then

Ay is at most countable, by Lemma 3. Let X G R \ Ay. As the graphs of Ax a a and

hx ß   support the graph of/at a unique point, part (a) is now obvious.

Let (a, b) be any open subinterval of (ot/iX, ßfX) and let / be an open component

of the open set G = {x: hXa(x)<f(x)<hXh(x)}. For every c g (a, b) the

function/ — Ax c ¥= 0 in every subinterval J of /. Besides:

Io. for every c G (a, b) the set (x: f(x) = hx c(x)} n / consists of a single point,

or

2°. there exists a number c g (a, b) such that the set {x: f(x) = hx c(x)} n /

contains at least two different points.

In Io, for every c G (a, b), x0 g {x: f(x) = Ax c(x)} C\ I is the isolated point of

{x:/(x) = AXc(x)}and(a, o) c EfX.

In 2° there exist numbers c g (a, b) and x,, x2 g / (xx < x2) such that/(x,) =

hx,Áxi) and/(x2) = Ax c(x2). Let

cx = inf{c<E R: (xg [xx, x2]: f(x) = hXc(x)} * 0}



476 ZYGMUNT WÓJTOWICZ

and

c2 = sup{cG/v: (xg [x1,x2]:/(x) = AXc(x)} ¥> 0}.

Then as in the proof of Lemma 4 we show there are numbers t', t" g [x,, x2] such

that f(t') = hXci(t') and /(/") = hXci(t"). Hence, cx, c2 G (a, b). Because X <£ Af,

there exists a number x' g (x,, x2) such that f(x') = hx c (x') and f(x) > hx c (x)

for every x g (x,, x2)\{x'}, or there exists a number x" g (xl5 x2) such that

f(x") = Ax f(x") and f(x) < hXc([x) for every x g (x,, x2)\{x"}. Hence the

graph of Ax C[ or Ax C2 supports the graph of / in (x,, x2). Thus x' is the isolated

point of {x: f(x) = Ax Ci(x)} or x" is the isolated point of {x: f(x) = hx c (x)}.

Hence, cx g EfX or c2 g E^x and (a, b) D EfX ¥= 0. This proves that EfX is dense

in (afX, ßfX).

6. Lemma. There exists a residual set of functions f in C such that for every open

rational interval I c [0,1] the increases of functions in H, of which the graphs support

the graph of f in I from above at more than one point, form a dense set in R, and the

increases of functions in H, of which the graphs support the graph of f in I from below at

more than one point, form a dense set in R.

Proof. It suffices to prove the result for a single fixed open rational interval

/ c [0,1]. Let {X„} be an enumeration of the rational numbers. For natural

numbers « and m, let An m denote the set of functions/in C for which there exists a

function hin H with increase X G (X„ - 1/m, Xn + 1/m) such that the graph of A

supports the graph of / in / from above at more than one point. We first show that

An m contains a dense open subset of C.

Let U be any nonempty open subset of C and let / g U. There exists an e > 0

such that B(f, e) c U. Let

a„ = sup{c g R: (x g I: f(x) = Ax^,c(x)} # 0}.

According to Lemma 2 there exists a function Ax c in H such that Ax c. G

B(hx a , e/4) and Ax^ q(x) < hx^ a([x) for every x g [0,1]. Let/ be a subinterval of

/. such that/ > Ax on J. Then we can find five points x, (;' = 0,1,... ,4) in / such

that x0 < x, < • • • < x4. By Lemma 2 there is a function Ax c in H such that

AXniC G B(hXntXn, e/2) and AXn-c(x) > hK^(x) for every x g [0,1). We set

d = min{hK_c(x) - hK^(x):0 < x < l).

Let Ax in H be a function such that Ax e g ¿?(Ax a , d/2) and Ax c.2(x) >

AXn „n(x) for every x g [0,1], and let

dx = min{AXnC2(x) -hx^(x):0 < x < l}.

We define a function g in C by g(x) = f(x) for x g [0, x0] U [x4,l], g(xx) =

hxnJx^' 8(x3) = hKc(x3), g(x2) = hKafx2) and g\lx„Xi+l] = h\[x¡¡Xi+i] (i =

0,1,..., 3) for any A in H. Then g g B(f, e). According to Proposition 3 and 4 there

exist functions hx, c, and hx„ c» in H such that Ax- c,(x2) = Av, c.-(x2) = Ax^ c(x2),

c2<c' < c, X„ < X' < X„ + 1/m, hKci(l) < Ax,- c..(l) < Ax^(l) and X„ - 1/m <

X" < Xn. We denote by d2 the distance from the point (xx, hx c(xx)) to the graph of
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hx. c,, and by d3 the distance from the point (x3, Ax^ c(x3)) to the graph of hx„c„. Let

d4 = mm{hx„ c„(x) ~ g(x):xo^ x < xi),

d5 = min{Ax, c,(x) - g(x): x2 < x < x4}

and

tj = min{dx, d2, d3, d4, d5, e/8}.

Clearly, ß(g,T,)c £(/,£).

Now we show that B(g, tj) c An m. Let í g B(g, r¡) and W = {(x, y): x0 < x <

x4, y = s(x)}. The points Q, S g W (Q =t S) belong to the graph of a unique

function in H. Let us take the part of this graph contained between Q and 5. Let T

be the union of these parts for all pairs (Q, S). We show that T is closed. Let

{(x„, y„)} c T be any sequence of points converging to some point (x0, y0). For

(x„, y„) there exist two different points Q„, S„ G IFsuch that (xn, yn) belongs to the

curve of endpoints Qn and Sn. There is an increasing sequence {nk} of natural

numbers such that hxnk^00Qn  = Q' and \imk^aoS„  = S', where Q', S' g IF.

Suppose first that Q' # 5'. Let hq Jn denote the function in H for which the

graph contains Qn and Sn , and let A?i denote the function in H for which the

graph contains Q' and S". We assume (x0, y0) £ T. Let d' be the distance from

(x0, y0) to the graph of A    . By Proposition 4, lim^JIA - A    || = 0. Hence

there exists a natural number N such that

(*„*, ynt) e {(*, /):*,,,(*) - y < y < hq,s(x) + — ,0 < x < lj

and

(x„t, y„J G K((x0, y0), d'/3)    for k > N.

Since this contradicts the hypothesis that limn_00(x„, y„) = (x0, y0),  we have

(*o> ̂ o) G r-

Now suppose Q' = S' and (x0, y0) í 71. Let a point (x'; y') belong to the interior

of the segment of endpoints Q' and (x0, y0), and let hx be a function in H such that

the A,(x') = y' and the graph of hx lies between Q' and (x0, y0). We let rx be the

distance from Q' to the graph of A,, and r2 the distance from (x0, y0) to the graph of

A,. Then there exists a natural number N such that Qn , Sn G AT((2', rx) for every

k > N. Hence, (x„k, y„ ) Í A"((x0, y0), r2) for k > N. Since this contradicts the

hypothesis that lim„^00(x„, y„) = (x0, y0), we have (x0, y0) g T. This proves that

T is closed and compact.

Let P be the maximum point of T belonging to the line x = x2. There exist points

<2o and 50 on the graph of s in [x0,x2) and on the graph of s in (x2,x4],

respectively, such that P belongs to the graph of the function h in H. The graph

of A       supports the graph of s in [x0, x4] from above. We have

¿A'.c'(l) > hx.cp) > *»x»,c»(l),        C <c3< c",

and

Ax,,c,(l) - c' > hxJl) -c3> Ax,v„(l) - c".
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Hence, X" < X < X' and X g (X„ - 1/m, Xn + 1/m). This proves that s g Anm and

B{g, v) c An m. Thus An m contains a dense open subset of C, so it is residual in C.

Hence the set A = n~=1 f\™=xAnm is residual in C.

For/ g A and (p,q)a R there exist a rational number X„ g (p,q) and a natural

number m such that (X„ - 1/m, Xn + l/»i) c (p, q). Since/g Anm there exists a

function Ax c g H for which the graph supports the graph of/in / from above at

more than one point and X g (Xn - 1/m, X„ + 1/m). This proves that the set of

increases of functions in H for which the graphs support the graph of / from above

at more than one point, is dense in R. Similarly we prove that the set B of functions/

in C, such that the set of increases of functions in H for which the graphs support

the graph of / from below at more than one point, is dense in R and residual in C.

Clearly the set D = A n B is residual in C.

Following an argument parallel to that of [1, Lemma 4.6 and 4.7], we obtain:

7. Lemma. The set of functions f in C for which the graphs support at least one

function of H at more than one point is of the first category in C.

8. Lemma. The set of functions f in C for which there exist X g R and two different

functions hXe and hx c. in H whose graphs support the graph of f in two different points

is of the first category in C.

4. Definition. A 2-parameter family H of continuous functions is almost uni-

formly Lipschitz if

V     V       3 V       |Ax,c(x1)-Ax,c(x2)|<LxJx1-x2|,
ce«   AgR   í-a.<»0  x1,x2^[0,l]

and, for every natural number «,

Mn = sup(LX(.:X g [-«,«], c g [-«,«]} < +00.

5. Definition. A function/is said to be nondecreasing (nonincreasing) at a point t

if there is a positive number A such that

/(x)</(0 (/(*)>/('))    forí-A<x<í,

f\t) < f(x) (f(t) > f{x))    fort<x<t + h.

f is said to be monotone at / if it is nondecreasing or nonincreasing at t.

9. Lemma. Let H be a 2-parameter family of continuous functions which is almost

uniformly Lipschitz.

Then there exits a residual set of functions f in C such that for every function A in H

the function f — A is not monotone at any point x g [0,1].

Proof. Let A denote the set of functions/in C for which there exists a function A

in H such that / - A is nondecreasing at some point of [0,1]. For every natural

number « we denote by An the set of functions/in C for which there exist numbers

X, c g [-«, «] and x g [0,1] such that

l°./(0 - *x.,(0 < /(*) - hx,Axl for t g [0,1] n (x - 1/«, x), and

2°. f(x) - hXc(x) < f(t) - hXc(t), for t g [0,1] n (x, x + 1/«).

Clearly A = \J™=xAn. First we show that An is closed and nowhere dense for each «.
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Let « be a given natural number and let {fk} by any sequence of functions in An

uniformly convergent to some function / in C. Then for each k there exist Xk,

ck g [-«, «] and xk g [0,1] such that

fki') - hXt,Jt) < fkixk) - hK,Jxk),

for t g [0,1] n (xk - 1/n, xk), and

for í g [0,1] n (x¿, xA + 1/«). Moreover, there exists an increasing sequence {k¡}

of natural numbers such that {Xk} converges to some X g [-«, «], {ck } converges

to some c g [-«, «], and {x^ } converges to some x g [0,1]. According to Proposi-

tion 3 the sequence {Ax c } converges uniformly to the function Ax c. It is easy to

verify that f(t) - Ax c(r j < f(x) - hXc(x) for t g [0,1] n (x - 1/«, x), and f(x)

- Ax c(x) </(i) - AXc(0 for / G [0,1] n (x, x + 1/«). Thus /g ^ and A„ is

closed in C

To prove that An is nowhere dense in C, it suffices to show that A„ does not

contain any open subset of C. Let U be a given nonempty open subset of C. Then

there exists a polynomial g g U and an £ > 0 such that B(g, e) c £/. Let 0 < a < e,

ß = sup(|g(x)|: 0 < x < 1}, and let m be an odd integer such that m >

max(2Af„, 2n,3(ß + Mn)/a}. Let s be a function defined by

I

s{x)= {0

linear function

forx =

for x

forx

2/— ; ' =
m

2/ + 1

0,1,.
«1 — 1

m

J_   i + 1
m '    m

;/ = o,i,...,
m

; i = 0,1,. ..,w - 1.

Then s is continuous and / = g + s g £/. We claim that / £ ^„. Let X, c g [-«, «].

We have Mn — Lx c > 0. For x g [0,1] there exists an integer i such that

0 < í« (m - l)/2    and    2;/w < x < (2/ + 2)/w.

In the case 2z'/«j < x < (2i + l)/m, we have

x < (2/ + l)/m < x + 1/«

and

2/ + 1
lX.c

"{

2i+ 1

< (-M„ + LXJ

2i + 1

m

) — am

2i + i

-I/(*)-*x..C*)]
2i + 1

«i
-x   +L,

2/ + 1

«!
<0.

In the case (2/ + l)/m < x < (2/ + f )/«?, we have x - 1/« < 2i/m < x and

2/
1 «j 'A.c m

[f(x) - hx,e(x)\

>ß
2/

+
a

«i /      2
vA,c

2i

»0.
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In the case (2i + \)/m < x < (2/ + 2)/m, we have x < (2i + 3)/m < x + 1/n

and

/l2^)-*»' [/(*)-*„„(*)]
»7       / '"v\      «1

2/ + 3        \     a  .

2</5(^^-^)-T+^A.c

<(-Mn + Lx,c)(^-x)<0.

Hence, / does not satisfy inequalities Io and 2° at any point x G [0,1]; therefore

/ £ An. This proves that An is nowhere dense in C, and /I is of the first category in

C.

If B is the set of functions / in C for which there is a function A g H such that

f — his nonincreasing at some point of [0,1], then in the same way as for A we can

prove that B is of the first category in C. From this it follows that F = C\(A U B)

is a residual set.

1. Theorem. Let H be a 2-parameter family of continuous functions which is almost

uniformly Lipschitz.

Then there exists a residual set of functions in C for which there exist a countable

dense set Ay c R and countable dense set EfX c (afX, ßfX) such that:

r.IfX g R\Afthen:
(a) the sets {x: f(x) = hx,a/K(x)} and {x: f(x) = hxß/i[x)} consist of single

points;

(b)forc g (a,x, ß,x)\E^x the set {x: f(x) = hx c(x)} is perfect; and

(c) for c g E, x the set {x: f(x) = Ax c(x)} is the union of a nonempty perfect set

and an isolated point.

2°.IfX g Af then:

(a) there exists a unique number CjX G Ef x U (ay x, ß{ x} such that: if cfX G Ej-x

then {x: f(x) = Ax c (x)} is the union of a nonempty perfect set and two isolated

points; and if cfX G {afX, ßfiX), then {x: f(x) = hXc ¿x)} consists of two different

points;

(b) for c G EyX\ {C/X} the set {x: f(x) = hx c(x)} is the union of a nonempty

perfect set and an isolated point;

(c) for c G {afX,ßfX}\{cfX} the set {x: f(x) = hXc(x)} consists of a single

point; and

(d)for c g (afX, ßfX)\E/x the set {x: f(x) = AXc(x)} is perfect.

Proof. Let B, D, E and F denote sets of functions determined by Lemmas 6,7,8

and 9, respectively, and let

A = JB C\(C\D) r\(c\E) n F.
Clearly A is a residual set in C. Let/g A. We denote by Ay the set of increases of

functions h in H for which the graphs support the graph of/in at least two disjoint

open subintervals of [0,1]. According to Lemmas 4 and 6, Ay is a countable dense

subset in R. For X g R and c g [afX, ß/x] we have

(x:/(x) = hXiC(x)} = {x:/(x) - Ax,t(x) = 0}.
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By Lemma 9 the function/ - Ax c is not monotone at any point of [0,1]. Hence, x is

an isolated point of {x: f(x) = Ax c(x)} if and only if a proper extremum of

/ - Ax c at x is equal to zero. Clearly, / - Ax c has such an extremum if and only if

the graph of hXc supports the graph of /at a point x. Because/ — hXe is continuous,

{x: f(x) = hx c(x)} is a nonempty closed set for c g [afX, ßfX]. Let Ef x be the set

of numbers c g (afX,ßfX) such that (x: f(x) — hXc(x)} is not a perfect set. By

Lemma 5, EfX is dense in (afX, y6y x).

Let c0 g Ef x and let x0 be a point at which a proper maximum of the function

/ — Ax c is equal to zero. For the pair (c0, x0) there exists an open rational interval

/ c [0,1] such that x0 g I,f(x0) = Ax c(x0) and/(x) < AXc(x) forx g /\ (x0).

It is easy to see that the pair (c0, x0) is unique. Similarly we prove that if a proper

minimum of / - hXc¡¡ at x0 is equal to zero, then for (c0, x0) there exists an open

rational interval / c [0,1] such that x0 g I,f(x0) = hx Co(x0) and/(x) >Xco(jc) for

x G J\ {x0}; moreover, for / the pair (c0, x0) is unique. Hence, the set of pairs

(c, x), for which/ - hXc has, at x, the proper extremum equal to zero, is countable.

This proves that EfX is countable.

Let X G R \ Ay. For c G [afX, ßfX\ the graph of Ax c supports the graph of / at

most at one point. Hence {x: f(x) = Ax c(x)} contains at most one isolated point. If

c G {oifX, ß/X} then, according to Lemma 4, (x: f(x) = Ax c(x)} consists of a

single point. Moreover, c G (öy-X, ßyX)\E^x; thus {x: /(x) = Ax c(x)} is a perfect

set. Let c g EjX and let x' be an isolated point of (x: /(x) = Ax c(x)}. From

X §È Ay, it follows that the set {x: /(x) = Ax c(x)} contains a unique isolated point.

Evidently, (x:/(x) = AXc(x)}\(x'} # 0, and this finishes the proof of Io.

Let X G Ay. According to Lemma 7, for c g [afX, ßfX] the set {x: f(x) = hx c(x)}

contains at most two isolated points; by Lemma 8 there exists a unique number

cfX e [afX, ßj x] such that {x: f(x) = Ax c i[x)} contains two isolated pointsyx and

y2. If cfX G {otfX,ßfX} then, by Lemma 4, (x: f(x) = hXc (x)} consists of two

different points. If cfX G EfX, then (x: f(x) = hXc i[x)}\{yx, y2} is nonempty

and, for every c g EfX\{cjX}, {x: f(x) = hXc(x)} contains a unique isolated

point. If c e {ay x, ßf x) \ {Cf x} then, according to Lemma 4, (x: f(x) = hx c(x)}

consists of a single point. Moreover, for c G (ay x, ßf x)\Ef x the set {x: f(x) =

Ax c(x)} is perfect. This proves 2°.

4. The structure of the sets (x:/(x) = A(x)} for/G C and A that is a homeomor-

phical image of a Lipschitz function. Let <p: [0,l]xfi ->[0,1]XÄ be a bijection

transform such that for every a g [0,1] there exists a' g [0,1] such that

<p({(x, y): x = a, y G R}) = {(x, y): x = a', y g R}.

The transform <p is defined by <p(x, y) = (g(x), sx(y)), where g and sx are horizon-

tal and vertical sections of q> respectively. Clearly, g: [0,1] -* [0,1] and sx: R -» R

for every x G [0,1]. It is easy to prove the following:

10. Lemma. The transform <p is a homeomorphism if and only if:

Io. g andsx are homeomorphisms for every x g [0,1], and

2°. if a sequence {xn} c [0,1] converges to x, then {sx } is continuously convergent

to sx and {s'1} is continuously convergent to s~l.
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Let/g C and let

Wf= {(x,y):y=/(x),0<x<l)

be the graph off. The image of Wfin tp is

W= {(g(x),^(y)):y=/(x),0<x<l}.

W is the graph of the function/* in C defined by

h*)-v<*>(/u_l(*))).
Let ip: C -* C be the transform such that ^(/) = /* for every/ g C It is easy to see

that \p is the bijection transform and \p(C) = C. The following lemma is easy to

prove:

11. Lemma. The transform \p is a homeomorphism if and only if {sx}x^ox^ and

{sxl}x<=[o,i\ are families of equicontinuous functions.

12. Lemma. Let \p: C -* C be a homeomorphism. Then H is a 2-parameter family of

continuous functions if and only if H* = \p(H) is a 2-parameter family of continuous

functions.

Proof. Let H be a 2-parameter family of continuous functions and let A = (xx, yx),

B " (*2> yi) belong to [0,1] X R. The points Ax = cp~\A) and Bx = <p_1(#) belong

to the graph of a unique function A in H. Evidently, A and B belong to the graph of

the function A* = i>(h). We assume A and B belong to graphs of two different

functions A* and A* in H*. Because ^ is a homeomorphism, the functions hx =

t//_1(A*) and A = \p~1(h*) belong to H and A + hx. Ax and Bx belong to the graphs of

hx and A. This contradicts the assumption that H is a 2-parameter family. Hence,

A* = A* and H* is a 2-parameter family. Similarly we prove the sufficiency.

13. Lemma. Let ip: C —> C be a homeomorphism. Then the graph of a function

A G H supports the graph of a function / g C in an interval I c [0,1] if and only if the

graph of a function A* = yp(h) supports the graph of a function f* — ty(f) in an

interval g( I) = I*.

Proof. We prove the necessity. Let the graph of A support the graph of fin I from

above. There exists a point x0 g / such that /(x0) = A(x0) and f(x) < h(x) for

every x G /\ {x0}. We have g(x0) G g(I) and the point <p(x0, /(x0)) belongs to

the graphs of A* and/*. Hence, A*(g(x0)) = f*(g(x0)). For every x g /\ (x0) the

set {y: f(x) < y < h(x)} and sx({ y: f(x) < y < A(x)}) are open nonempty inter-

vals. To show that the graph of A* supports the graph of/* in g(I), it suffices to

prove that for every x' = g(x) G g(I)\{g(x0)} we have/*(x') < A*(x') or/*(x')

> A*(x')- Let xx and x2 be different points in g(I) such thatf*(xx) < A*(x,) and

/*(x2) > A*(x2). There exists a function A* in H* such that points (xx, /*(x,)) and

(x2, /*(x2)) belong to the graph of A* and there exists a point x3 between xx and x2

such that A*(x3) = A*(x3). For A, = t//_1(A*) we have A^g"1^)) <

A(g-'(x1)),A1(g-1(x2))<A(g-1(x2)) and hx(g-\x3)) = A(g-'(x3)). This con-

tradicts the assumption that A,, A g H.

Similarly we show that if the graph of A supports the graph of / in / from below,

then the graph of A* supports the graph off* in g(I).
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The proof of the sufficiency follows similarly.

2. Theorem. // H is a 2-parameter family for which Theorem 1 holds and \p is a

homeomorphism, then, for a family H* = \p(H), Theorem 1 holds.

Proof. Let A denote the set of functions determined for H by Theorem 1. The set

Ax = \p(A)is residual in C. By Lemma 12, H* is a 2-parameter family of continuous

functions. Let B*, D* and F* denote sets of functions determined for H* by

Lemmas 6, 7 and 8, respectively, and let

A* = Ax n B* n{c\D*)n{C\F*).

Clearly, A* is residual in C. Let /* g A*. We denote by A*-« the set of increases of

functions A* in H* for which the graphs support the graph of /* in at least two

disjoint open subintervals of [0,1]. According to Lemmas 4 and 6, X*. is a countable

dense subset in R. For X* g R we set

a*.,x, = inf{c G R: (x:/*(x) = A*xv(x)} # 0, A*x,,c G H*},

ßf,x, = sup{c g R: {x:/*(x) = A*x,,c(x)} * 0, A*xv. g H*}.

For À*eR and c g [a*. x., ßf, x,] we have

(x:/*(x) = A*xv.(x)} = g({x:/(x) = Ax,c(x)})

when /= »/'"H/*) and Ax c = i//_1(A ,» c„). Because g is a homeomorphism, x is an

isolated point of {x: /*(x) = A*. c.(x)} if and only if f—hXc has a proper

extremum at x' = g~x(x) equal to zero./ - Ax c has such an extremum if and only if

the graph of Ax c. supports the graph of / at x'. By Lemma 13 the graph of /*

supports the graph of h\, c, at x and/* - h%,¿» has a proper extremum at x equal to

zero. Clearly, {x: /*(x) = AJ, c»(x)} is a closed nonempty set for every c* g

[txj, x,, ßf. x,]. Let Ef,_x, be the set of numbers c* g (aj. x,, ßf, x,) such that {x:

f*(x) = A*. t,(x)} is not a perfect set, which occurs if and only if there is a point

x G (x: /*(x) = h\. c.(x)} such that/* - Ax„ c. has a proper extremum at x equal

to zero. In the same way as in the proof of Theorem 1 we can show that Ef,x, is a

countable dense set in (a*f, x,, ßf, x,) and, for/* and A^,, Ef,x,, conditions Io and

2° of Theorem 1 hold.

From Theorem 2 and Lemmas 10 and 11 we obtain the following corollaries:

2. Corollary. Let H be a 2-parameter family of continuous functions for which

Theorem 1 holds and let (EC, Then

(a) for the family Hx = t + H = {t + A: A g H}, Theorem 1 holds;

(b)ift(x) * 0 for every x G [0,1], then for the family H2 = t ■ H = {t ■ A: A G H},

Theorem 1 holds.

3. Corollary. Let t g C be a strictly monotone function and let H be a 2-parameter

family of continuous functions such that

x   V  .   ,   3   « V,„„ l*X.«(*l) - *X,e(*2)l < LxJt(xx) - t(x2)\,
\,ce=R   L^c>0  xl,x2^[0,l]

and, for every natural number n,

Mn = sup(Lx c: X,c g [-«, «]} < +00.

Then, for H, Theorem 1 holds.
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