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ZYGMUNT WOJTOWICZ

ABSTRACT. Let R be the space of real numbers and C the space of continuous
functions f: [0,1] = R with the uniform norm. Bruckner and Garg prove that there
exists a residual set B in C such that for every function f € B there exists a countable
dense set A, in R such that: for A & A, the top and bottom levels in the direction A
of f are singletons, in between these levels there are countably many levels in the
direction X of f that consist of a nonempty perfect set together with a single isolated
point, and the remaining levels in the direction A of f are all perfect; for A € A, the
level structure in the direction A of f is the same except that one (and only one) of
the levels has two isolated points instead of one.

In this paper we show that the analogue of the above theorem holds: if we replace
the family of straight lines {Ax + ¢} by a 2-parameter family H that is almost
uniformly Lipschitz; and if we replace {Ax + ¢} by a homeomorphical image of a
certain 2-parameter family H that is almost uniformly Lipschitz.

1. Introduction. Let R be the space of real numbers and C the space of continuous
functions f: [0,1] = R equipped with the uniform norm

If 1= sup{1f(x)I: 0 < x < 1}.

A subset 4 of C is residual in C if its complement C \ A4 is of the first category in
C.If fe Cande > 0, the open ball { g € C: ||g — f|| < €} of Cis denoted, as usual,
by B(f, ¢).

An interval I C [0, 1] is rational if both its endpoints are rational, and open if it is
open relative to [0, 1].

Let f be a given function in C and let A € R. For every ¢ € R the set {x:
f(x) = Ax + ¢} is called a level of f in the direction A. By a level of f we mean, in
general, a level of fin some direction A € R.

Let

a;\=inf{ f(x) —Ax:0<x <1}
and
b,y =sup{ f(x) —Ax:0 <x <1}.

1. DErFINITION. The levels of a function f in C are normal in a direction A € R if
there exists a countable dense set E,, in (aj,, b;,) such that the level {x:
f(x) = Ax + ¢} of fin the direction A is

(a) a perfect set whenc & E,, U {a,,, b, },
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(b) a single point when ¢ = a, , or ¢ = b, ,, and

(c) the union of a nonempty perfect set P with an isolated point x € P when
¢ € E;, (P and x depend on f, A and ¢).

A. M. Bruckner and K. M. Garg have proved [1, Theorem 4.8] that there exists a
residual set of functions f in C such that the levels of f are normal in all but a
countable dense set of directions A sin R, and in each direction AEA s the levels of f
are normal except that there is a unique element ¢ € E;, U {a,,, b,,} for which
the level { x: f(x) = Ax + ¢} contains two isolated points instead of one.

2. DEFINITION. A family of functions H C C is a 2-parameter family if for every
pair of numbers x,, x, € [0,1] (x; # x,) and for every pair of numbers y,, y, € R
there exists a unique function 4 in H such that A(x;) = y, and h(x,) = y,.

In [2] Bruckner and Garg raised the following question. What conditions on H
will guarantee that the analogue of the above theorem holds on replacing the family
of straight lines {Ax + ¢} by H?

In this paper we show that this question has an affirmative answer in two cases:

(1) if H is almost uniformly Lipschitz; or

(2) if H is a homeomorphical image of a certain 2-parameter family A’ that is
almost uniformly Lipschitz.

For the proof of this fact we use the methods of Bruckner and Garg [1].

2. Properties of a 2-parameter family. Let H denote a 2-parameter family of
continuous functions. A function 4 in H for which ¢ = A(0) and A = hA(1) — h(0) will
be denoted by 4, .. The number A is called the increase of the function 4, .

If Hy = {(h € H: h(1) — h(0) = A}, then clearly H, N H, = & forA; # A, and
Urer Hy = H.

1. PROPOSITION. If x4 € [0,1], yo € R and h, hy € H, h + h,, are such that
h(xq) = hy(xy) = yo, then either h(x) < h|(x) when 0 < x < xy and h(x) > h(x)
when x, < x < 1; or h(x) > hy(x) when 0 < x < xqand h(x) < h;(x) when xy < x
< L.

PROOF. It is clear for x, = 0 and x, = 1. Let x, € (0,1). Since h, h, € H, they
satisfy exactly one of the following conditions:

1°. h(x) < hy(x) when 0 < x < xgand h(x) > h;(x) when x5 < x < 1;

2°. h(x) > hy(x) when0 < x < xgand h(x) < hy(x) when xy < x < 1;

3°. h(x) < hy(x)when0 < x < xgand A(x) < h)(x) when xy < x <1

4°. h(x) > h,(x) when 0 < x < xyand h(x) > h(x) when x5 < x < 1.

We show that 3° and 4° are impossible. Let & and h, satisfy 3° and let h, € H,
h,(0) = $(h(0) + h,(0)) and h,(1) = h,(1). Clearly h,(x,) # h;(x,). In the interval
(0, x,) there exists a point ¢, such that h,(¢,) = h(t;) or h,(t;) = hy(2)). If hy(1)) =
hy(t,), then h, = h,, which is impossible. If h,(¢;) = h(¢;), there exists a point
t, € (xg,1) such that h,(t,) = h(t,); hence h, = h, which is impossible.

Similarly, 4 and h, do not satisfy 4°. This completes the proof.

’

2. PROPOSITION. For every triple of numbers x, € [0,1] and y,, A € R, there exists a
unique function h € H, such that h(x,) = y,.
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PROOF. Let y,, A € R. It is clear for x, = 0 and x, = 1. Let x, € (0,1) and let
co = sup{c € R: h) (x,) < y,}. It is easy to see that h, . (x,) = y,. Suppose there
exist functions k and &, in H, such that & # h, and h(xy) = y, = h;(x,). We have
A = h(1) = h(0) = hy(1) — hy(0). According to Proposition 1, either Ah,(0) < h(0)
and h,(1) > h(1), or h,(0) > h(0) and h,(1) < A(1). Hence, either h,(1) — h,(0) >
h(1) — h(0), or hy(1) — h,(0) < h(1) — h(0), which is impossible. This proves h = h;.

From Proposition 2 we obtain

1. COROLLARY. If h,, h, € H, and h| # h,, then h,(x) # h,(x) for every x € [0,1].
In particular, h,(0) > h,(0) if and only if hi(x) > h,(x) for every x € [0,1].

1. LEMMA. If lim
for every x € [0,1].

Proor. Clearly lim,_, .k, .(0)=h, (0) and lim,_ k) (1) =h, (1). Sup-
pose there exists a number x, € (0,1) such that h, (x,) is not a limit of the
sequence { h, . (X,)}. Then there exists an & > 0 such that the set

{hx,,.c"(xo)} \(hx,c(xo) - & hx,c(xo) +e)
is infinite. According to Proposition 2 there exist functions &, .., k) .~ € H such that
hy.o(xo) = hy (xo) —eand hy ..(x,) = hy (x,) + &. Hence, and from Corollary 1,
¢’ < ¢”. There exists a natural number N such that ¢, € (¢’, ¢”’) for every n > N.
For a function h, . such thatn > N and h, _(xo) & (h) (xo) — & hy (xo) + €),
we have

nooCn=candlim, N, =N\, thenlim,_  h, .(x)=h, (x)

hre (D) € (hy o (1), By (1))

The above yields that {h, . (1)}\(h, (1), hy (1)) is infinite, which contradicts
the assumption that lim,_,c,=c and lim, A, =A, so lim,  h, .(x)=
hy (x) for every x € [0,1].

From Dini’s Theorem and Lemma 1 we obtain

2. LEMMA. Let A € R. Thenlim,,_, ||hy . — hy |l = Oifand only if lim,_, ¢, = c.

3. PROPOSITION. lim,,_, |lhy . — ksl =0 if and only if lim,_, c,=c and
lim A, =A.

n—oo n

PRrROOF. Necessity is trivial. For the sufficiency assume lim,_, A, = A, lim,,_, ¢,
= ¢ and zero is not the limit of the sequence {||hy . — h, JI}. Then there is an
€ > 0 such that for every natural number N there exist numbers ny > N and
xn € (0,1) such that

[ha, . (X0) = ha o(x3)] > &

According to Lemma 2 for ¢ there exist &, ., hy .» € B(h, ,, €) such that i, .(x) <
hy.(x) and h, ..(x) > hy (x) for every x € [0,1]. Let N be a natural number such
that hy .(0) € (c,¢”) and hy (1) € (hy 1), hy (1)) for every n> N. For
h, .c., WE have

nn*€n

h>‘~

nnCn

N(xN) > h)\,c(xN) +e> h}\,c(xN)

or

hX"N.C,,N(xN) < h)\.c(xN) —&< h}\.t'(xN)'
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Hence,
h}\ = hA ,

an Cny o oI hMN.C,.N—hA.c"’

which contradicts the assumption that £, . (0) € (¢/, ¢”’); therefore
ny® nN

lim ||, . —hy.|=0.

n—oo

4. PROPOSITION. For every natural number n, let (x,, y.), (xJ, y)), (x',y"),
(x", y")€[0,1] X R(x,, # x,] and x" + x"") and let h>\,..c,.’ hy. . € H be functions such
that hy (x3) = yp by, (X)) = 2 by (X)) = y" and by (x") = y".

Then if lim,_ (x,, y.)=(x',y") and lim,_ (x), y’)=(x",y"), we have
limn—’oo”h)\,,.c,, - h)\,c” =0.

PROOF. Assume x’ < x”. Let ¢ > 0 and let x, be a number such that x’ < x, < x”.
According to Propositions 1 and 3 there exist functions 4. ., k). .. € H such that

hA'.c'(XO) = h}\.c('xO) = hx',c"(xo)» e (C’ c+ 8), "€ (C - &, C)
and
hvo (D), hy (1) € (hy (1) — &, by (1) +&).
Let d, (d,) be the distance from the point (x’, y”) (x”, y”) to the graphs of 4, .. and
hy- .- There is a natural number N such that (x,, y,) € K((x’, "), d;) N ([0,1] X R)
and (x/, y/) € K((x”, y"), d,) N ([0,1] X R) for every n > N, where K is the open
ball in R2. By Proposition 1, for n > N there exist numbers ¢, € (0, x,) and
t, € (xq,1) such that
Ay o(X) < hy o (x) <hy(x) forx<t,

and
Byr o (x) > hy o (x) > By o(x) forx >t
In particular,
¢ <c,<c and hy (1) <h, (1) <hy (1)

Hence, lim ¢, = cand lim

n—o0 “n n— oo

A, = A, so, by Proposition 3,
= 0.

lim “hAn'cn - h)\,c
h— oo

3. The structure of the sets { x: f(x) = h(x)} for f continuous and 4 Lipschitz.

3. DEFINITION. Let f € C, h € H and let I be a subinterval of [0, 1]. The graph of
h supports the graph of f in I from above (below) if A(x) > f(x) (h(x) < f(x)) for
every x € I and there is a point x, in I such that h(x,) = f(x,). Further, if x, is not
unique, then the graph of & supports the graph of f in I from above (below) at more
than one point. We say that the graph of 4 supports the graph of fin I if the graph
of h supports the graph of f from above or below.

If I and J are two disjoint subintervals of [0, 1], the graph of & supports the graph
of fin I and J if it supports the graph of fin I as well as the graph of fin J. Similarly
for three or more mutually disjoint subintervals of [0, 1].
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Following an argument parallel to that of [1, Lemma 4.2}, we obtain:

3. LEMMA. For every function f in C there is at most a countable set of functions in H
whose graphs support the graph of f in two (or more) disjoint open subintervals of [0, 1].

Letf€ Cand A € R. We set
a;\=inf{c € R: {x:f(x) =h, (x)} # 2},
Bir=sup{c€R: {x:f(x)=hy (x)} + 2}

4. LEMMA. For every function f in C and every number X in R, graphs of the functions

h NP and h A8, Support the graph of f in [0,1] from below and from above,
respectively, at least at one point.

PrROOF. Let f € C and A € R. Since h“ (%) < f(x) and hAB (%) = f(x) for
every x € [0, 1], it suffices to show that { x: f(x) h, a“(x)} *+ O and {x: f(x)=
hAB (x)} # . Assume {x: f(x) = h,, o, (x)} = @. Then for every x € [0,1] we
have hy. o (x) = f(x) < 0. Let

d=min{ f(x) = h, . (x): 0 < x < 1}.
By Proposition 3 there is a function h, , € B(h, a0 d)such thath, . + h, a and
¢ > ag). Clearly, hy . (x) < f(x) for every x € [0,1], and {x: f(x) = h) (x)} = &
for every ¢ € (a;, ¢;). Since this contradicts the definition of a,, we have {x:
f(x)= hk_aM(x)} # . Similarly we show that { x: f(x) = hA,B/,x(x)} * O.

5. LEMMA. For every function f in C there is at most a countable set A C R such that
for every A € R\ A

(a) the sets {x: f(x)= h,“am(x)} and {x: f(x)= hx,ﬂm(x)} consist of single
points, and

(b) the set E, ) of numbers c, such that the set { x: f(x) = hy (x)} is not perfect, is
dense in (ay », B;»)-

PROOF. Let f € C. We denote by A, the set of increases of functions in H whose
graphs support the graph of fin at least two disjoint open subintervals of [0, 1]. Then
A, is at most countable, by Lemma 3. Let A € R\ A,. As the graphs of & Aoy, and
hy, B, Support the graph of f at a unique point, part (a) is now obvious.

Let (a, b) be any open subinterval of (a,,, B;,,) and let I be an open component
of the open set G = {x: h, ,(x) < f(x) < h, ,(x)}. For every c € (a, b) the
function f — h, . # 0 in every subinterval J of I. Besides:

1°. for every ¢ € (a, b) the set { x: f(x) = hy [(x)} N I consists of a single point,
or

2°. there exists a number ¢ € (a, b) such that the set {x: f(x)=h, (x)} NI
contains at least two different points.

In 1°, for every ¢ € (a, b), x4 € {x: f(x) = hy (x)} N I is the isolated point of
{x: f(x) = hy (x)} and (a, b) C E,.

In 2° there exist numbers ¢ € (a, b) and x,, x, € I (x, < x,) such that f(x,) =
h)\,c(xl) andf(x2) = h)\.c(xz)' Let

=inf{c € R: {x € [x), x,]: f(x) = hy (x)} #+ @}
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and
c;=sup{c € R: {x € [x;, x,]: f(x) = hy (x)} # 2}

Then as in the proof of Lemma 4 we show there are numbers ¢’, " € [x,, x,] such
that f(¢") = hy . (¢") and f(¢”) = h, . (¢"). Hence, ¢, ¢, € (a, b). Because A & A,
there exists a number x’ € (x,, x,) such that f(x") = h,  (x') and f(x) > by (x)
for every x € (x;, x,)\ {x’}, or there exists a number x” € (x,, x,) such that
F(x") = hy (x"”) and f(x) < h,  (x) for every x € (x;, x,)\ {x”}. Hence the
graph of h, . or h, . supports the graph of f in (x;, x,). Thus x’ is the isolated
point of {x: f(x) = hy (x)} or x” is the isolated point of {x: f(x) = h, . (x)}.
Hence, ¢, € E;, or ¢, € E;, and (a,b) N E,, # @. This proves that E,, is dense
in (ay,, :Bf,)\)-

6. LEMMA. There exists a residual set of functions f in C such that for every open
rational interval I C [0,1] the increases of functions in H, of which the graphs support
the graph of f in I from above at more than one point, form a dense set in R, and the
increases of functions in H, of which the graphs support the graph of f in I from below at
more than one point, form a dense set in R.

ProoF. It suffices to prove the result for a single fixed open rational interval
Ic[0,1]. Let {A,} be an enumeration of the rational numbers. For natural
numbers n and m, let 4, ,, denote the set of functions fin C for which there exists a
function A in H with increase A € (A, — 1/m, A, + 1/m) such that the graph of 4
supports the graph of fin I from above at more than one point. We first show that
A, . contains a dense open subset of C.

Let U be any nonempty open subset of C and let f € U. There exists an ¢ > 0
such that B(f, €) € U. Let

a, = sup{c € R: {x el f(x)= h)\,,.c(x)} #* Q}.

According to Lemma 2 there exists a function h, . in H such that h, €
B(hy, o, /% and by (x) < hy o (X) for every x € [0, 1]. Let J be a subinterval of
I such that f > h,  onJ. Then we can find five points x; (i = 0,1,...,4) in J such
that x, < x; < -+- < Xx,. By Lemma 2 there is a function k, . in H such that
hy,..€ B(hy, .,e/2)and by (x)> hy ,(x)forevery x € [0,1]. We set

d=min{h, (x)—h, .(x):0<x<1}.

Let h, . in H be a function such that h, . € B(hy ,,d/2) and h, . (x)>
hy o (x) for every x € [0,1], and let

dy=min{h, . (x)—h, ,(x):0<x<1}.

We define a function g in C by g(x) = f(x) for x € [0, x,] U [x4,1], g(x,) =
hx,,,c(xl), g(x3) = hx,,,c(xa), 8(x;) = h)\,,,a,,(XZ) and gl[x,.,x,.“] = hl[x,,x,.ﬂl (i=
0,1,...,3) for any A in H. Then g € B(f, €). According to Proposition 3 and 4 there
exist functions h,, . and hy. . in H such that hy .(x;) = hy. (X)) = hy (X3),
< <N, <N<A+1/m hy (1)<hy (1)<hy (1)andA,—-1/m<
A” < A,. We denote by d, the distance from the point (x;, &, .(x;)) to the graph of
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hy ., and by d; the distance from the point (x;, h, (x3)) to the graph of A, ... Let
d,=min{hy. (x) = g(x): %o < x < x5},
ds=min{hy . (x) = g(x): x; < x < x4}
and
n = min{d,, d,,d,,d,, ds, e/8}.

Clearly, B(g,n) C B(f, ¢).

Now we show that B(g,n) C 4, ,. Lets € B(g,m) and W = {(x, y): xo < x <
X4, y = 8(x)}. The points Q, S € W (Q # S) belong to the graph of a unique
function in H. Let us take the part of this graph contained between Q and S. Let T
be the union of these parts for all pairs (Q, S). We show that T is closed. Let
{(x,, ¥,)} € T be any sequence of points converging to some point (x,, y,). For
(x,, ¥,) there exist two different points Q,, S, € W such that (x,, y,) belongs to the
curve of endpoints Q, and S,. There is an increasing sequence {n,} of natural
numbers such thatlim, _, .0, = Q"andlim,_, S, =S’ where Q’, S’ € W.

Suppose first that Q’ + S’. Let h UngrSng denote the function in H for which the
graph contains Q, and S, , and let h,; denote the function in H for which the
graph contains Q' and S’. We assume (x,, y,) € T. Let d’ be the distance from
(xo» Yo) to the graph of . By Proposition 4, lim, _ |lh, , —h, = 0. Hence
there exists a natural number N such that

d’ d
(e 3n) € { (5 )i o (x) = 5 <y < g, (x) + 5.0 < x <1}
and
(X5 Va,) € K((x05 39),d’/3) fork > N.

Since this contradicts the hypothesis that lim,_,  (x,, y,) = (xo, ¥;), We have
(x0, ) € T.

Now suppose Q' = S and (x,, y,) € T. Let a point (x’, y’) belong to the interior
of the segment of endpoints @’ and (x,, y,), and let h, be a function in H such that
the h,(x") = y’ and the graph of h, lies between Q’ and (x,, y,). We let r; be the
distance from Q’ to the graph of h,, and r, the distance from (x,, y,) to the graph of
h,. Then there exists a natural number N such that 0., S, € K(Q', ) for every
k > N. Hence, (x,,, y,) % K((xo, ), ;) for k> N. Since this contradicts the
hypothesis that lim, _, . (x,, y,) = (x4, ¥5), We have (x,, y,) € T. This proves that
T is closed and compact.

Let P be the maximum point of T belonging to the line x = x,. There exist points
Q, and S, on the graph of s in [x,, x,) and on the graph of s in (x,, x,],
respectively, such that P belongs to the graph of the function A 40.5, 1 H. The graph
of h, . supports the graph of s in [x,, x,] from above. We have

Py e(D) > by (1) > by (1), ¢ < ey <c”,

S

and

hx’,cr(l) —c > h)\,c;,(l) —C3 > h)‘n,cu(l) —c”.
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Hence,A” <A <XandA € (A, — 1/m, A, + 1/m). This proves thats € 4, , and
B(g,m)< A, ,,- Thus 4, , contains a dense open subset of C, so it is residual in C.
Hence the set 4 = NY_,N%_, 4, ,, is residual in C.

For f € 4 and (p, q) C R there exist a rational number A, € ( p, ¢) and a natural
number m such that (A, — 1/m, A, + 1/m) C (p, q). Since f € A, ,, there exists a
function h, . € H for which the graph supports the graph of f in I from above at
more than one point and A € (A, — 1/m, A, + 1/m). This proves that the set of
increases of functions in H for which the graphs support the graph of f from above
at more than one point, is dense in R. Similarly we prove that the set B of functions f
in C, such that the set of increases of functions in H for which the graphs support
the graph of f from below at more than one point, is dense in R and residual in C.
Clearly the set D = A N B is residual in C.

Following an argument parallel to that of [1, Lemma 4.6 and 4.7}, we obtain:

7. LEMMA. The set of functions f in C for which the graphs support at least one
function of H at more than one point is of the first category in C.

8. LEMMA. The set of functions f in C for which there exist A\ € R and two different
functions hy . and h, ., in H whose graphs support the graph of f in two different points
is of the first category in C.

4. DEFINITION. A 2-parameter family H of continuous functions is almost uni-
formly Lipschitz if

v V 3 v h —hy . <L, |x;—
(R AR L, 50 xl,xZE[O.lll )\‘c(xl) )\,c(x2)|\ A.¢|x1 x2|,

and, for every natural number n,
Mn = Sup{ L)\.c: Ae [_na n]» cE [_na n]} < +o0.

5. DEFINITION. A function f is said to be nondecreasing (nonincreasing) at a point ¢
if there is a positive number A such that

f(x) <f(2) (f(x)>f(2)) fort—h<x<it,
f(t) <f(x)(f(r) = f(x)) fort<x<t+h.

£ is said to be monotone at ¢ if it is nondecreasing or nonincreasing at z.

9. LEMMA. Let H be a 2-parameter family of continuous functions which is almost
uniformly Lipschitz.

Then there exits a residual set of functions f in C such that for every function h in H
the function f — h is not monotone at any point x € [0,1].

PROOF. Let 4 denote the set of functions fin C for which there exists a function h
in H such that f — h is nondecreasing at some point of [0,1]. For every natural
number n we denote by A4, the set of functions fin C for which there exist numbers
A, ¢ € [-n, n] and x € [0, 1] such that

1°.f(1) — hy (1) < f(x) = hy (x), fort €[0,1] N (x — 1/n, x), and

2°.f(x) = hy (x) < f(t) — hy (1), for t € [0,1] N (x, x + 1/n).

Clearly A = U%_, A4, First we show that 4, is closed and nowhere dense for each n.

n=1
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Let n be a given natural number and let { f, } by any sequence of functions in 4,
uniformly convergent to some function f in C. Then for each k there exist A,
¢, € [-n, n] and x, € [0, 1] such that

fil(8) = by, (1) < filxi) = By, o (x0),
fort € [0,1] N (x, — 1/n, x;), and

filx) - h)\,(,c,((xk) < filt) - h)\k.ck(t)’
for t € [0,1] N (x,, x, + 1/n). Moreover, there exists an increasing sequence { k;}
of natural numbers such that {A, } converges to some A € [-n, n], {c, } converges
to some ¢ € [-n, n], and {x, } converges to some x € [0, 1]. According to Proposi-
tion 3 the sequence {h,\k '} converges uniformly to the function A, .. It is easy to
verify that f(¢) — h,, c(t) <f(x) = hy (x) for t € [0,1]N (x — 1/n, x), and f(x)
—hy(x) < f(t) = hy () for t€[0,1]N(x,x + 1/n). Thus f€ A, and 4,
closed in C.

To prove that 4, is nowhere dense in C, it suffices to show that 4, does not
contain any open subset of C. Let U be a given nonempty open subset of C. Then
there exists a polynomial g€ Uand ane > O such that B(g,e) C U.Let0 < a <,

= sup{|g(x)]: 0<x<1}, and let m be an odd integer such that m >
max{2 s 21, 3(B + M,)/a}. Let s be a function defined by

2i
a forx=;;t=0,1,...,—-,

s(x)=10 forx=21r:1;i=0,1,...,m—_l,

. . i i+1] .
linear function forx € [—, ];1=0,1,...,m—1.
m’ m

Then s is continuous and f = g + s € U. We claim that f & A4,. Let A, ¢ € [-n, n].

We have M, — L, . > 0. For x € [0, 1] there exists an integer i such that
0<i<s(m-1)/2 and 2i/m<x<(2i+2)/m.

In the case 2i/m < x < (2i + 1)/m, we have

x<Qi+1)/m<x+1/n
(32 = 0] - 1) = o)
<B(21+1 —x)—am(Zl; 1 _x)+L)\’C(2zr-ni- 1 —x)

m
<(-M, + L,\_c)( 2”: ‘- x) <0.

and
2i+ 1

In the case (2i + 1)/m < x < (2i + 3)/m,we have x — 1/n < 2i/m < x and

[(Z) - m 2] - 1) = b0

>B(2;—x)+%—L,\’C(x—%)

> (—Mn + L)\“.)(%;:_ - x) > 0.
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In the case (2i + 3)/m < x < (2i + 2)/m, we have x < 2i + 3)/m < x + 1/n

and
252 ) = i 252 )| - 1) = A o)

SB(2’+3—X)_g“‘Lx_c(Zl;:;_x)

m

<(-M, + LM)( 21; 3 _ x) < 0.

Hence, f does not satisfy inequalities 1° and 2° at any point x € [0,1]; therefore
f & A,. This proves that 4, is nowhere dense in C, and 4 is of the first category in
C.

If B is the set of functions f in C for which there is a function 4 € H such that
f — h is nonincreasing at some point of [0, 1], then in the same way as-for A we can
prove that B is of the first category in C. From this it follows that F = C\ (4 U B)
is a residual set.

1. THEOREM. Let H be a 2-parameter family of continuous functions which is almost
uniformly Lipschitz.

Then there exists a residual set of functions in C for which there exist a countable
dense set A, C R and countable dense set E; \ C (a, ,, B ) such that:

1°. If A € R\ A then:

(a) the sets {x: f(x)= h,‘_aM(x)} and {x: f(x)= hx,ﬁm(x)} consist of single
points;

(b) for ¢ € (e, Ba)\ Efx the set {x: f(x) = hy (x)} is perfect; and

(¢) for ¢ € E; the set {x: f(x) = hy (x)} is the union of a nonempty perfect set
and an isolated point.

2°.If\ € A then:

() there exists a unique number ¢,y € E;\ U {a,, B} such that: if ¢;\ € E;
then {x: f(x)=nh )"%(x)} is the union of a nonempty perfect set and two isolated
points; and if ¢;\ € {ay,, Ba}, then {x: f(x) = hy . (x)} consists of two different
points;

(b) for ¢ € E;\\ {csn} the set {x: f(x) = hy (x)} is the union of a nonempty
perfect set and an isolated point;

(©) for ¢ € {a;) BaY\{csa) the set {x: f(x)=hy (x)} consists of a single
point; and

(d) for ¢ € (a; 5, Ba)\ Ejx the set { x: f(x) = hy (x)} is perfect.

PROOF. Let B, D, E and F denote sets of functions determined by Lemmas 6, 7, 8
and 9, respectively, and let
A=BnN(C\D)N(C\E)NF.
Clearly 4 is a residual set in C. Let f € A. We denote by A/ the set of increases of
functions 4 in H for which the graphs support the graph of fin at least two disjoint
open subintervals of [0,1]. According to Lemmas 4 and 6, A, is a countable dense
subset in R. For A € R and ¢ € [a,,, B;,] we have

{x:£(x) = hy (X)) = {x: f(x) = hy o(x) = 0}..
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By Lemma 9 the function f — &, . is not monotone at any point of [0, 1]. Hence, x is
an isolated point of {x: f(x)=h, (x)} if and only if a proper extremum of
f — h,_ at x is equal to zero. Clearly, f — h, . has such an extremum if and only if
the graph of h, . supports the graph of f at a point x. Because f — 4, , is continuous,
{x: f(x) = h, [(x)} is a nonempty closed set for ¢ € [a,,, B;,]. Let E,, be the set
of numbers ¢ € (a,,, B;,) such that {x: f(x) = h, (x)} is not a perfect set. By
Lemma 5, E, , is dense in (a; , B; )

Let ¢, € E;, and let x, be a point at which a proper maximum of the function
f— hy., is equal to zero. For the pair (co, X,) there exists an open rational interval
I c [0,1] such that x4 € I, f(x,) = hy . (xo) and f(x) < h) . (x) for x € I\ {x,}.
It is easy to see that the pair (c,, x) is unique. Similarly we prove that if a proper
minimum of f — h, . at x, is equal to zero, then for (co, x,) there exists an open
rational interval I C [0, 1] such that x4 € I, f(x,) = h), . (x,) and f(x) >, . (x) for
x € I'\ {x,}; moreover, for I the pair (c,, x,) is unique. Hence, the set of pairs
(¢, x), for which f — h, _ has, at x, the proper extremum equal to zero, is countable.
This proves that E, , is countable.

Let A € R\ A,. For ¢ € [a, ), B;,] the graph of h, . supports the graph of f at
most at one point. Hence { x: f(x) = h, .(x)} contains at most one isolated point. If
¢ € {a;, B;r} then, according to Lemma 4, {x: f(x) = h, (x)} consists of a
single point. Moreover, ¢ € (a; ), B;\) \ E;; thus {x: f(x) = hy (x)} is a perfect
set. Let c € E;, and let x" be an isolated point of {x: f(x)= h, (x)}. From
A & A, it follows that the set { x: f(x) = h, (x)} contains a unique isolated point.
Evidently, {x: f(x) = h, (x)}\ {x'} # 9, and this finishes the proof of 1°.

LetA € A,. According to Lemma 7, for ¢ € [a;,, B;,,\] the set { x: f(x) = h, (x)}
contains at most two isolated points; by Lemma 8 there exists a unique number
¢ € gy, Byl such that {x: f(x)=h A’%(x)} contains two isolated points y; and
Yo I ¢, € {a),, By} then, by Lemma 4, {x: f(x) = hy., (%)} consists of two
different points. If ¢, , € E;,, then {x: f(x)=h Mm(x)} \{ )1, ¥»} is nonempty
and, for every ¢ € E;,\ {¢/2}, {x: f(x) = h, (x)} contains a unique isolated
point. If ¢ € {a;,, B;1} \ {c/} then, according to Lemma 4, {x: f(x) = h, (x)}
consists of a single point. Moreover, for ¢ € (a, ), B;\)\ E,, the set {x: f(x) =
hy. .(x)} is perfect. This proves 2°.

4. The structure of the sets { x: f(x) = h(x)} for f € C and h that is a homeomor-
phical image of a Lipschitz function. Let ¢: [0,1] X R — [0,1] X R be a bijection
transform such that for every a € [0, 1] there exists a’ € [0, 1] such that

o({(x,y):x=a,y€R})=((x,y):x=a,yER}.
The transform ¢ is defined by ¢(x, y) = (g(x), s,(»)), where g and s, are horizon-

tal and vertical sections of ¢ respectively. Clearly, g: [0,1] = [0,1] and s,: R = R
for every x € [0,1]. It is easy to prove the following:

10. LEMMA. The transform @ is a homeomorphism if and only if:

1°. g and s, are homeomorphisms for every x € (0, 1), and

2°. if a sequence {x,} C [0,1] converges to x, then {s, } is continuously convergent
tos,and {s ;:} is continuously convergent to s .
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Let f € C and let
Wy={(x,»):y=1(x),0 < x< 1}
be the graph of f. The image of W;in @ is
W= {(g(x),5.(»):y=f(x),0<x<1}.
W is the graph of the function f* in C defined by

f4(x) = 5100 (£(871(x)))-
Let y: C — C be the transform such that Y (f) = f* for every f € C. It is easy to see
that ¢ is the bijection transform and ¢ (C) = C. The following lemma is easy to
prove:

11. LEMMA. The transform { is a homeomorphism if and only if {s,},cio1) and
{s:! }xe(01) are families of equicontinuous functions.

12. LEMMA. Let y: C = C be a homeomorphism. Then H is a 2-parameter family of
continuous functions if and only if H* = Y(H) is a 2-parameter family of continuous
functions.

PROOF. Let H be a 2-parameter family of continuous functions and let 4 = (x,, y;),
B = (x,, y,) belong to [0,1] X R. The points 4, = ¢ '(A4) and B, = ¢"(B) belong
to the graph of a unique function 4 in H. Evidently, 4 and B belong to the graph of
the function h* = (k). We assume 4 and B belong to graphs of two different
functions A* and h} in H*. Because ¢ is a homeomorphism, the functions A, =
Y~}(h¥) and h = Y~'(h*) belong to H and h # h,. A, and B, belong to the graphs of
h, and h. This contradicts the assumption that H is a 2-parameter family. Hence,

* = h} and H* is a 2-parameter family. Similarly we prove the sufficiency.

13. LEMMA. Let : C — C be a homeomorphism. Then the graph of a function
h € H supports the graph of a function f € C in an interval I C [0,1] if and only if the
graph of a function h* = y(h) supports the graph of a function f* = Y (f) in an
interval g(1) = I*.

PROOF. We prove the necessity. Let the graph of 4 support the graph of fin I from
above. There exists a point x, € I such that f(x,) = h(x,) and f(x) < h(x) for
every x € I\ {x,}. We have g(x,) € g(/) and the point @(x,, f(x,)) belongs to
the graphs of A* and f*. Hence, h*(g(x,)) = f*(8(x,)). For every x € I'\ {x,} the
set { y: f(x) <y < h(x)} and s ({ y: f(x) <y < h(x)}) are open nonempty inter-
vals. To show that the graph of h* supports the graph of f* in g([I), it suffices to
prove that for every x’ = g(x) € g(I)\ {g(x,)} we have f*(x’) < h*(x’) or f*(x’)
> h*(x’). Let x, and x, be different points in g(I) such that f*(x,) < h*(x,) and
f*(x,) > h*(x,). There exists a function % in H* such that points (x,, f*(x,)) and
(x,, f*(x,)) belong to the graph of h% and there exists a point x; between x; and x,
such that h*(x;) = h*(x;). For h, = ¢ '(h¥) we have h (g '(x;)) <
(g™ (x,)), h(g7H(x,)) < h(g™'(x,)) and hy(g7'(x3)) = h(g™'(x3)). This con-
tradicts the assumption that h;, h € H.

Similarly we show that if the graph of 4 supports the graph of fin I from below,
then the graph of 4* supports the graph of /* in g(7).
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The proof of the sufficiency follows similarly.

2. THEOREM. If H is a 2-parameter family for which Theorem 1 holds and y is a
homeomorphism, then, for a family H* = (H'), Theorem 1 holds.

PROOE. Let 4 denote the set of functions determined for H by Theorem 1. The set

= y(A) is residual in C. By Lemma 12, H* is a 2-parameter family of continuous
functions. Let B*, D* and F* denote sets of functions determined for H* by
Lemmas 6, 7 and 8, respectively, and let

A* = 4, N B* N(C\ D*) N(C\ F*).
Clearly, 4* is residual in C. Let f* € A4*. We denote by A%. the set of increases of
functions h* in H* for which the graphs support the graph of f* in at least two
disjoint open subintervals of [0, 1]. According to Lemmas 4 and 6, A}. is a countable
dense subset in R. For A* € R we set
afe . = inf{c € R: {x:f*(x) = b} (x)} # @, B}, . € H*},
By = sup{c € R: {x: f*(x) = h}. (x)} # @, h}. . € H*}.
For A* € R and ¢ € [a}. \», Bf 5] We have
{x:f*(x) = B3 (%)} = g({x: f(x) = by o(x)})

when f = ¢7(f*) and h, . = ¢"'(h. »). Because g is a homeomorphism, x is an
isolated point of {x: f*(x)= h}. .(x)} if and only if f— h, . has a proper
extremum at x” = g~'(x) equal to zero. f — h, . has such an extremum if and only if
the graph of h, . supports the graph of f at x". By Lemma 13 the graph of f*
supports the graph of h%. .. at x and f* — h%. .. has a proper extremum at x equal to
zero. Clearly, {x: f*(x) = h}. .(x)} is a closed nonempty set for every c* €
[afe xe» B a+]- Let ER . be the set of numbers c* € (af. )., B )+) such that {x:
f*(x) = h}. (x)} is not a perfect set, which occurs if and only if there is a point
x € {x: f*(x) = h}. +(x)} such that f* — h%. .. has a proper extremum at x equal
to zero. In the same way as in the proof of Theorem 1 we can show that EX . is a
countable dense set in (af. \+, B 5+) and, for f* and A%., EX ,., conditions 1° and
2° of Theorem 1 hold.

From Theorem 2 and Lemmas 10 and 11 we obta;n the following corollaries:

2. COROLLARY. Let H be a 2-parameter family of continuous functions for which
Theorem 1 holds and let t € C. Then

(a) for the family Hy =t + H = {t+ h: h € H}, Theorem 1 holds;

(b) if t(x) # O for every x € [0,1], then for the family H, =t - H= {t-h: h € H},
Theorem 1 holds.

3. COROLLARY. Lett € Cbea strictly monotone function and let H be a 2-parameter
family of continuous functions such that

Iy, (x1) = Ay (x;)| < Ly Jt(x) = t(x,)],

A,c€R L, >0 x, x26[0 1]
and, for every natural number n,
M, =sup{L, A, c€[-nn]} < +c0.

Then, for H, Theorem 1 holds.
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